Solution to Problem 16) We begin by noting that
2
ax? + bx~% = (Vax — Vbx~1)" + 2vab = vab ({Ja/bx — {/b/ax"1) +2vab. (1)

We then write

fooo exp(—ax? — bx~%) dx T Vb/aexp(—2vab) fj:o exp[—Vab(e? — e™)?] exp(y) dy
| Change of varlable VYa/bx =eY | [Remove Odd integrand |

= \/b/aexp(—2vab) f_ exp(—4vab sinh? y) (coshy +/sm‘l()dy
= Vb/aexp(—2vab) f_oooo exp(—4+vab sinh? y) cosh(y) dy

|Chang,e of variable: x = ZV_sinh(y)|
Y 457a
= b/a exp( 2\/_)f exp(—x2) dx = /r/(4a) exp(—2Vab). 2

a) Changing the variable of integration from 7 to 8 such that cos? 8 = t/T, we will have

a b a/T b/T 2T sin 6 cos 6d0O
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2 ex ( a/T  b/T ) do
T 0 p sin2@  cos?26/ cos?0

= (2/T) f exp[—(a/T)(1 + cot? 8) — (b/T)(1 + tan? 6)](1 + tan? H)dé

Change o vabIe L = (2/T) expl— (a + b)/T1 [} exp[—(a/T)x 2 — (b/T)x?]dx. 3)

x =tanf@

The resulting integral is similar to that given by Eq.(2). We thus have
T
__a _by_dr _ _ 2
jo exp( )W (2/T) exp[— (a+b)/T]w/nT/(4b)exp( 2+/ab/T )
= {/n/(bT) exp[-(Va +vb)?/T]. 4)

b) Changing the variable of integration from 7 to 8 such that cos? 8 = t/T, we will have

T /2 .
a b dt a/T b/T 2T sin 6 cos 6d0O
exp (— —= = exp (— -
o T-t 1) [(T-1)7)3/? 0=0 1-cos28 cos26/ T3[(1 - cos? 0) cos? 0]3/2
/2
a/T b/T dée
== exXp|\ —=— - -
T2 sin20  cos2?6/ sin26 cos2 6

0

= (2/T2) fon/z exp[—(a/T)(1 + cot? ) — (b/T)(1 + tan? 8)](1 + cot? 8)(1 + tan? 8)dO

|Change of variable: x = tan 9|

il (2/T?) exp[—(a + b)/T] fooo exp[—(a/T)x™2 — (b/T)x?](1 + x~?)dx. (5)

The resulting integrals are similar to that in Eq.(2), albeit the second half of the integrand in
Eq.(5) requiring a change of variable y = x~1, which reverses the roles of a and b. We will have



T-T T

dr

(T - D)7]3/2

= (Z/Tz) exp[—(a + b)/T] [\/nT/(4b) + \/nT/(4a)J exp (—2 ab/Tz)

= [Jn/@T?) +/n/(®T)] exp[-(Va + Vb)*/T].

(6)




